Scale invariance supplemented by the requirement of the absence of new heavy particles may play an important role in addressing the hierarchy problem. We discuss how the Standard Model may become scale invariant at the quantum level above a certain value of the Higgs field value without addition of new degrees of freedom and analyze phenomenological and cosmological consequences of this setup, in particular, possible meta-stability of the electroweak vacuum and Higgs inflation. * mikhail.shaposhnikov@epfl.ch † kengo.shimada@epfl.ch 1 The SM cannot explain neutrino masses and oscillations, dark matter (see, however Ref. [15] ) and the baryon asymmetry of the Universe and thus cannot be a final theory.
I. INTRODUCTION
The discovery of the Higgs boson at the LHC [1, 2] completed the Standard Model (SM) of particle physics. The observed Higgs mass 125 GeV tells us that the SM can be valid up to very high energy scale. More explicitly, the Higgs mass falls within the range where the Landau pole in the Higgs self-coupling, as well as in the SM U (1) gauge coupling, is absent below the Planck scale [3] [4] [5] and the longevity of the electroweak (EW) vacuum is assured [6] [7] [8] [9] . The fate of the EW vacuum depends crucially on the Higgs mass (known now with a very good accuracy [10] ) and the top Yukawa coupling [11] [12] [13] : there is a critical value such that, if the top Yukawa is larger/smaller than it, the EW vacuum is meta-/absolutely stable. Reducing both of theoretical and experimental uncertainties is the future challenge, see Ref. [14] for a review and references therein.
If the SM itself can be extended up to very high energy scale, the question is, at which energy scale should we find deviations from the SM? 1 The answer to this question is unknown; several very different hypotheses, linked to the hierarchy problem, have been put forward.
One possible approach to the stability of the EW scale against quadratically divergent radiative corrections which tend to bring the Higgs mass up to the scale of new physics, such as that of Grand Unified Theory (GUT), is associated with modifications of the SM right above the EW scale. This includes low-scale supersymmetry, extra dimensions or composite Higgs models (for reviews, see e.g. Refs. [16] [17] [18] [19] [20] [21] ). However, the fact that no convincing deviation from the SM has been observed so far places this conjecture under strain.
In weakly coupled theories, it is the presence of very heavy particles like GUT lepto-quarks with substantial interactions with the Higgs boson that jeopardizes the Higgs mass [22] . Thus, the requirement of the nonexistence of such particles may serve as a guiding principle for the construction of theories beyond the SM that address the hierarchy between the EW scale ∼ 100 GeV and the Planck scale 2 M P ≡ (8πG N ) −1/2 2.44 × 10 18 GeV in a different manner [23] [24] [25] [26] . All the phenomenological drawbacks of the SM (see Footnote 1) can be cured by very feebly interacting particles with masses below the EW scale [27, 28] or, by heavier particles with somewhat larger coupling constants [25] .
Even if a theory does not contain any particles with the mass above the EW scale, it can enter into a strong coupling regime above a certain energy scale Λ. This is the case for the SM coupled to gravity: depending on the magnitude of the non-minimal coupling ξ of the Higgs field h to the gravitational Ricci curvature scalar R, ξh 2 R, the theory leaves the perturbative regime at a certain energy scale E ∼ M P if ξ 1, and at E ∼ M P /ξ if ξ 1, see e.g. Refs. [29, 30] . 3 Entering into the strong coupling regime and violating the tree-unitarity condition for the scattering amplitudes [32] do not mean that the theory must be replaced by a new one with extra heavy fundamental degrees of freedom; it might "selfcomplete" or "self-heal" itself [33] [34] [35] [36] [37] [38] . Whether the existence of such a strong coupling scale Λ much higher than the EW scale leads to the hierarchy problem is uncertain due to the absence of reliable methods in the strong coupling regime. A semiclassical approach to the hierarchy problem within Euclidean gravity [39, 40] shows that the answer may be negative if the underlying theory is approximately Weyl invariant for large values of the Higgs field.
It is interesting that a similar requirement of asymptotic (large Higgs field) scale invariance of the SM coupled to gravity is crucial for Higgs inflation [31, 41] . Also, classical scale invariance of the SM with vanishing Higgs mass has been invoked to address the hierarchy problem in numerous works (see e.g. [42] [43] [44] [45] [46] [47] [48] [49] ). Further, exact quantum scale invariance together with the absence of superheavy particles leads to the perturbative stability of the Higgs mass against radiative corrections [50] . 2 Note that the Planck scale does not correspond to a mass of any elementary particle, but merely serves as a measure of the strength of the gravitational interaction mediated by the massless gravitons. 3 These estimates are true for zero or small background values of the Higgs field h. When h is large, they are substantially modified, see Ref. [31] and below.
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All these considerations motivated us to study the following questions. Suppose that we modify the SM in such a way that it becomes scale invariant at the quantum level above a certain value of the Higgs field h ∼ Λ. This can be done, at least formally, with a specific scheme that we will present in this work or, equivalently, by adding an infinite number of higher dimensional operators in a proper manner [51] . Then, the theory turns out to be strongly coupled at the energy scale E ∼ Λ. Can we still make perturbative computations of certain quantities? What could be the phenomenological and cosmological consequences of this theory?
The paper is organized as follows. In Section II, we give a perturbative definition of asymptotically scale invariant theories with the use of a simple toy model without gravity and discuss the associated strong coupling scale. Then in Section III, the effective potential is computed based on the ordinary (justifiable) loop expansion. In Section IV, the toy model is extended with the nonminimal coupling to gravity and the strong coupling scale is reconsidered. Then in Section V, the effective potential is computed again with the ordinary method. In Section VI, considering the well-known properties of the SM, we discuss cosmological implications based on the effective potential obtained previously. We summarize our prescription and findings in Section VII. In Appendix, we give some details of the perturbative computation of the effective potential.
II. ASYMPTOTIC SCALE INVARIANCE
In this section, we give a perturbative definition of the class of quantum field theories preserving asymptotic scale invariance at the quantum level, comparing it with the "standard" one breaking scale invariance and the one respecting exact scale invariance. We also discuss the energy scale below which perturbative computations are justified and the low energy field theory description is reliable.
To clarify our point, we work with a simple Higgs-Yukawa model where a Dirac fermion f interacts with a real scalar field h. The classical action in fourdimensional flat spacetime is given by
where Y describes the Yukawa interaction through a coupling constant y and V is the quartic self-interaction term with a coupling constant λ. Since there is no explicit mass scale in the Lagrangian, the model is (at least classically) scale invariant: the action (1) is invariant under the scaling transformation
where Φ stands for the each matter field and d Φ denotes Φ's mass-dimension: d h = 1 and d f = 3/2 in fourdimensional spacetime.
A. "Standard" prescription
In order to define a theory at the quantum level, we first need to regularize the model. Throughout this paper, we employ dimensional regularization [52] ; the model is extended to n = (4 − 2ε)-dimensional spacetime where the mass-dimensions of the dynamical fields h and f become d h = (n − 2)/2 = 1 − ε and d f = (n − 1)/2 = 3/2 − ε. Accordingly, the mass-dimensions of the quartic and the Yukawa couplings become 2ε and ε, respectively. These dimensionful "bare" couplings are written aŝ
with an explicit scale µ, the normalization point, whose mass-dimension is assumed to be 1 − ε as is the case with the scalar field h, and the coefficients C λ/y (i≥1) properly chosen at each order of the perturbative computation to deal with the ultraviolet (UV) divergences. And also, the dynamical fields in (1) need to be interpreted as "bare" fields for removing the divergences completely. The finite parts C λ/y (0) are to redefine the couplings at each order of perturbative computation.
Here, as the standard prescription with the dimensional regularization, a "minimal" set of operators is assumed: we do not introduce new mass parameters aside from the normalization point µ in (3) and we respect the renormalizability of the model. The only explicit mass parameter µ breaks scale invariance in ndimensional spacetime, and then, it is transmitted into the four-dimensional limit as the trace anomaly.
B. Exactly scale invariant prescription
Before going to the asymptotically scale invariant prescription, it is enlightening to look at the exactly scale invariant (SI) case. Instead of introducing an explicit mass scale µ to break scale invariance, one can identify a dynamical scalar field as the normalization point [53] so that it also gets scaled under the transformation (2) .
Introducing a new dynamical scalar field φ besides the "SM Higgs" field h, replace µ with
where F is an arbitrary function of the dimensionless combination x = h/φ with "hidden" dimensionless parameters [50] absent in the classical Lagrangian. In general, any number of dynamical scalars can contribute to the normalization point. And in any case, the vacuum state must break scale invariance spontaneously with finite expectation values of the scalars, otherwise the perturbative expansion is ill-defined. 4 Because of the quantum fluctuations of the scalar fields in ω, this class of theories is non-renormalizable [55] . However, the renormalizability is not essential for the construction and scale invariance can be manifest at each order of the perturbative computation with counter terms respecting the symmetry. One obtains the traceless energy-momentum tensor but with the momentumdependent running couplings [56] [57] [58] .
Two prescriptions often used in literature assume
with (I) a particular value of Ξ chosen in connection with a gravitational theory [50, [59] [60] [61] [62] [63] [64] [65] [66] [67] (see Footnote 13 on page 8) or, (II) Ξ = 0 so that the SM Higgs does not take part of the normalization point [68] [69] [70] [71] .
C. Asymptotically scale invariant prescription
Let us introduce the asymptotically scale invariant (aSI) prescription which preserves scale invariance only in the large field limit. Here, we do not introduce the additional scalar. However, it shares many features with the exactly SI prescription as seen below.
Working with dimensional regularization, we replace the constant µ in (3) by the field-dependent normalization point (4) but with a non-dynamical mass scale instead of φ:
where µ is a constant scale with the mass-dimension 1 − ε. And here, the function F is to behave as
so that ω is proportional to the dynamical scalar h for h µ (7) to recover the invariance under the scaling transformation (2) in n-dimensional spacetime in the large field limit. With (6), we have 5
instead of (3). The n-dimensional interaction terms are now given asŶ
which, in the large field regime (7) , behave in the SI manner [53] :
whose mass-dimension n = 4 − 2ε is totally attributed to the dynamical fields. As in the exact SI case, the quantum fluctuations of ω make the theory nonrenormalizable. Therefore, the theory needs an infinite number of operators absent in (1) on which we impose respecting the symmetry. 6 More explicitly, the aSI prescription we adopt here is as follows.
• The field-dependent normalization point ω is asymptotically proportional to the dynamical field as (6) . We assume one of the simplest forms,
with µ being a free parameter.
• All the "higher dimensional" operators are suppressed by negative powers of
Multiplied by appropriate powers of ω in ndimensional spacetime, such non-polynomial operators behave as (10) in the large field regime (7) to respect asymptotic scale invariance. Their coefficients are set to cancel the divergences. 5 Once a full theory has been specified, one can re-normalize it by scaling the normalization point (6) and thus its overall factor µ withλ,ŷ and all the other bare quantities fixed. We refer readers to Refs. [58, 72] for discussions with exact scale invariance and also Refs. [68] [69] [70] [71] for explicit computations of beta-functions. 6 Given a full Lagrangian, one can make it look as if the normalization point is constant by expanding the field-dependence in (8) with respect to h/µ (see (A1) in Appendix). In other words, it is possible to reproduce asymptotic scale invariance starting with the standard regularization with the explicit mass scale µ with higher dimensional operators taken into account in a proper way. One can find discussions in literature, based on cutoff regularization [73] or, based on dimensional regularization [72] for the exactly SI case.
By expanding F with respect to the quantum fluctuation of the scalar field δh around a classical background h in a similar manner as (16) below, 7 one can see that such non-polynomial operators are enough. The combination of these two manifests asymptotic scale invariance at each order of the perturbative computation. For instance, the operators needed to cancel the divergences in the scalar potential 8 are written aŝ
where the k = 0 term corresponds to the "quartic" interaction.
In addition, we make the following assumption.
• The tree-level Lagrangian is simply given by
with (9) . We only add necessary non-polynomial operators canceling the divergences at each order of the perturbative computation, whose finite parts are sufficiently small as to be consistently omitted from lower order computations.
With this assumption, we can work with a finite number of coupling constants [68] [69] [70] [71] 74 ].
D. Tree-unitarity
Now that the theory is non-renormalizable, there exists an energy scale above which the perturbative analyses fail. As exploited in the context of Higgs inflation [31] , so-called tree-unitarity [32] is a useful criterion for the validity, that is, N -particle tree amplitudes behave as
The N -scalar tree amplitude at h = h leads to the violation scale
In this paper, all the quantities evaluated with the homogeneous scalar field background are underlined. 8 In general, scalar-fermion interactions and derivative operators suppressed by (12) are required to deal with divergent subdiagrams. However, we do not need those for the two-loop level computation of the effective potential performed in this work.
for N > 4 where W is considered to have the same structure as the four-dimensional limit of (13) . Then, as naively expected from the suppression with (12), we find the tree-unitarity violation scale
for a given background value h, which has the same field-dependence as the normalization point (11) . Nonrenormalizable operators other than W also come with (12) to give rise to the same tree-unitarity violation scale ∼ Λ . Note that we omitted the factors coming from the phase space integration and that is why the coupling constants did not appear in (15) . With those factors, the couplings of the non-polynomial operators that are small because of the assumption (14) can make the treeunitarity violation scale higher by a factor of O(10) [75] . Hence, the expression (15) is to be understood as a rather cautious bound.
We expect, therefore, that the complete Lagrangian of the aSI effective theory is given by (1) plus all sorts of "higher dimensional" operators suppressed by negative powers of the field-dependent scale (12) . These operators are capable to remove all UV divergencies in the theory and make the approach self-consistent (see Refs. [31, 74] for discussions in the context of Higgs inflation). If all the coefficients in front of these operators were known, the theory would be predictive for all energy scales, at least in principle. Whether the theory has an admissible behavior in the UV domain is an open question. Within the spirit of asymptotic safety [33] , we will assume that this is indeed the case at least with some choice of the dimensionless coefficients.
In spite of the presence of the tree-unitarity violation scale, certain quantities, such as the effective potential, can still be computed reliably. Indeed, here the relevant energy scales are masses of particles in the vacuum diagrams. In our model (1), the fermion and the scalar masses are m f = yh/ √ 2 and m h = √ 3λh, respectively. For small couplings we always have m f /h < Λ HY , and hence, the perturbative computation of the effective potential is possible. The point that the UV cutoff is dependent on the scalar field background is crucial for our discussions below. 9
III. APPLICATION : λ STOPS "RUNNING"
Let us compute the effective potential of the classical homogeneous background h perturbatively with the aSI prescription and the assumption (14) to check its SI asymptotic behavior ∝ h 4 .
All differences stem from having the dynamical quantity ω instead of µ. It becomes obvious how this replacement affects the effective potential once ω is expanded with respect to the quantum fluctuation of the scalar field δh around h as
where q = 1, 1/2 for the scalar potential and the Yukawa, respectively, and the terms with the coefficients E (q) k,j (for definition, see (A2) and (A3) in Appendix) are "evanescent" or "abnormal" to vanish in the four-dimensional limit ε → 0. First of all, we should find ω where the constant µ usually is with the "standard" prescription: it appears as [ln(m 2 f /h /ω 2 )] i≥1 . Second, the evanescent contributions multiplied by the 1/ε divergence can contribute as finite non-polynomial corrections in the fourdimensional limit. Beyond the one-loop level, multiplied by 1/ε i≥2 , the evanescent terms can give rise to the divergences with Λ −2k to require the k ≥ 1 terms in (13), see Refs. [68] [69] [70] [71] for computations with the exactly SI prescription.
To be more explicit, the effective potential at the oneloop level is given as
is the Coleman-Weinberg correction [76] now with ω and the coefficients are B h = 18λ 2 and B f = −2y 4 ; additionally,
with A [1] = −27λ 2 and A [2] = 6λ 2 comes from the evanescent contribution to the scalar mass squared
The fermion mass, on the other hand, has no evanescent term. Furthermore, the two-loop level computation (following e.g. Ref. [77] ) explicitly shows that the correction ∼ h 4 [ln(m 2 x /ω 2 )] 2 appears and that the non-polynomial contributions like (18) also come with ln(m 2
x /ω 2 ), see Appendix A 2.
Higher powers of ln(m 2
x /ω 2 ) as well as higher powers of the "suppression" factor h 2 /Λ 2 = (1 + µ 2 /h 2 ) −1 are expected in higher-loop corrections. Considering all those terms, we define a field-dependent quantity λ aSI as 10 Now, the quantity (19) loses its fielddependence for h µ to asymptotically approach
which is to say, the effective scalar potential in the large field regime (7) behaves in the scale invariant way ∝ h 4 as if there were no quantum correction: 11
In order to make a comparison with the "standard" result, let us take the limit of µ → ∞ where ω coincides with µ. The counterpart of (19) is then obtained as
If
[0] ≈ B h + B f is negative, and then, λ decreases and crosses zero at the scalar field value h satisfying However, now with the aSI prescription, h/ω asymptotically approaches µ /µ and λ [0] goes to
has a finite asymptotic value which can be positive while loop-suppressed with our assumption (14) . Fig. 1 shows a two-loop level example where µ is such close to h that the asymptotic values of λ [0] and λ are comparable and the asymptotic value (20) becomes positive if µ is sufficiently small. Let us emphasize that the above is a reliable result: it has been derived in the weakly coupled regime below the tree-unitarity violation scale.
Since the structure (19) does not depend on field contents, applied to the SM, asymptotic scale invariance drastically changes the shape of the Higgs effective potential. Especially, even with the current central experimental value of the top quark mass, absolute stability of the EW vacuum is realized with µ ∼ 10 10 GeV being of the order of the energy scale at which the Higgs quartic coupling would cross zero in the canonical SM.
IV. ASYMPTOTIC SCALE INVARIANCE WITH NON-MINIMAL COUPLING TO GRAVITY
In this section, we discuss asymptotic scale invariance with the non-minimal coupling to gravity. After reviewing well-known facts associated with the frame change, we apply the aSI prescription introduced in Section II C in the Jordan frame, and then, move to the Einstein frame. Also, we discuss the energy scale below which our low-energy description is valid.
We add a gravitational part to the Higgs-Yukawa action (1) as
where R is the Ricci scalar with respect to the spacetime metric g µν and M P is the only explicit mass scale at the classical level. L HY is as in (1) but with the partial derivatives replaced by the covariant ones. The scalar field h has a positive non-minimal coupling ξ to gravity.
A. Mass scales and symmetry of classical theory
The combination
is to be interpreted as the effective Planck mass squared which is field-dependent. For this field-dependence, g µν is called the Jordan frame metric. Due to the non-minimal coupling, M P becomes negligible when the scalar field value h is much larger than
Therefore, the model is aSI, at least at the classical level: in the large scalar field regime
the action (25) is approximately invariant under the scaling transformation (2) with the metric unchanged. Thanks to diffeomorphism invariance, it is equivalent to the symmetry under the change of variables as
whered Φ coincides with the mass-dimension in the Higgs-Yukawa model:
One can switch to the Einstein frame to work with the field-independent Planck scale. The spacetime metric in this frame is, in four-dimensional spacetime, related to the one in the Jordan frame by the Weyl transformation g µν = Ω 2 g µν ,
Accordingly, the field-dependence of the Planck mass (26) disappears as M P,eff /Ω = M P . Also, the Weyltransformed fermion field f = f /Ω 3/2 turns out to be canonically-normalized. On the other hand, the canonically-normalized scalar field, denoted by χ, is a non-trivial mixture of the scalar field h and the metric in the Jordan frame through the non-minimal coupling. As discussed in Section IV B, when h is larger than
χ differs significantly from h, not to mix with the Einstein frame metric. And especially, for (28), it is approximately written as [41, 78] 
Based on these canonically-normalized fields, the invariance under the scaling transformation (29) in the Jordan frame is equivalent to shift symmetry with
but with the other fields unchanged,
The scalar field χ is nothing but the pseudo Nambu-Goldstone boson associated with asymptotic scale invariance: the dilaton.
B. Asymptotically scale invariant prescription: From Jordan to Einstein
There exist two conventional prescriptions in literature. The first option [41] is known as prescription I which preserves asymptotic scale invariance. And the second one [79] is prescription II which does not preserve asymptotic scale invariance. As seen below and summarized in Table I , each option corresponds to a special value of µ even though it is a priori an arbitrary mass scale. Here we generalize the conventional prescriptions with µ as a free parameter.
Let us start by defining the theory in the Jordan frame in the same way as in Section II C with the fielddependent normalization point ω = µ 1 + h 2 /µ 2 . Unlike the matter fields, the mass-dimensions of the metric and the Ricci scalar do not depend on the spacetime dimension. With the explicit mass scale M P extended to have the same mass-dimension as the scalar field 1 − ε in n = (4 − 2ε)-dimensional spacetime, the non-minimal coupling is always dimensionless. Therefore, only the couplings in L HY are replaced with the dimensionful ones in (8) . So here, as the tree-level Lagrangian in the Jordan frame, we have
where L HY[0] is nothing but the general covariant version of (14) . Then, approximate scale invariance holds, not for (28) , but for
Let us switch to the Einstein frame. The n-dimensional metric is defined as
from which the Ricci scalar R and the covariant derivative ∇ in the Einstein frame are constructed. The Einstein frame Lagrangian is written as
While the canonically-normalized fermion is simply defined as f = f /Ω d f 2 n−2 , the non-canonical factor for the scalar field
which tells us that, when the scalar field is larger than µ km given as (30) , the mixing between the scalar field and the metric in the Jordan frame is significant to make the difference between h and χ. As for the interaction terms, not only the parts
lose their χ-dependences in the large field regime (28) where h/Ω → µ si , but also the normalization point in the Einstein frame
12 ς = 0 simply reflects the fact that the conformal value of the nonminimal coupling in n-dimensional spacetime ξc = −(1/4)(n − 2)/(n − 1) = −ς/6 is not −1/6. While the abnormal term in (36) is absent if one extends the theory to n-dimensional spacetime after switching to the Einstein frame, then a corresponding abnormal term in the Jordan frame is required for consistency. Prescription
approaches a constant µ for (34) to be χ-independent. Therefore, as expected from the aSI nature of the treelevel Lagrangian (33) in the Jordan frame, asymptotic shift symmetry under (32) in the Einstein frame holds in n-dimensional spacetime. In Table I , two choices of µ corresponding to prescriptions I and II are summarized. 13 Now that asymptotic shift symmetry is respected by the tree-level Lagrangian to start with, the UV divergences also respect the symmetry and can be removed without violating it, see [31] for a discussion with prescription I. As discussed in Section II C, we take the prescription that manifests the symmetry of the full quantum theory at each order of the perturbative computation and introduce only necessary operators for canceling the divergences. As is clear from how the five explicit mass scales, µ /km/si , M P and µ, appear in the tree-level Lagrangian, only the three µ /km/si are to be compared with h. This means that the full theory is assumed to have approximate scale invariance/shift symmetry in the Jordan/Einstein frame in the large field regime (34) as long as µ is finite. In the following, we do not assume the special choices of µ in Table I .
It should be noted that the quantum fluctuations of the Einstein frame metric require "higher dimensional" terms in the scalar potential with [(h 2 /Ω 2 )/M 2 P ] k≥1 = [h 2 /M 2 P,eff ] k≥1 . Those terms are strongly suppressed for h M P and asymptotically behave asˆ V /ξ k≥1 . Therefore, neglecting the metric fluctuations in the Einstein frame can be justified even in the large field regime if ξ > 1.
C. Tree-unitarity
First, for small values of the non-minimal coupling, we have M P < µ km ≈ µ si . Then, for h < µ si , the model is essentially the same as the model discussed in Section II but now with gravity. With Λ P being the tree-unitarity 13 In the exactly SI case [50, [59] [60] [61] [62] [63] [64] [65] [66] [67] , the Planck mass M P in (26) is replaced by an additional scalar field φ with a non-minimal coupling: M 2 P → ξ φ 2 . The counterpart of prescription I is called the GR-SI prescription where the normalization point ω is proportional to the effective Planck mass ξ φ 2 + ξh 2 in the Jordan frame. This corresponds to the special choice Ξ = ξ/ξ in (5) .
violation scale associated with the metric fluctuations, we identify
as the tree-unitarity violation scale. For definiteness, let us apply the value of Λ P obtained in Ref. [80] which is about one half of G −1/2 N 1.2 × 10 19 GeV for the SM particle contents. 14 We argue that (39) applies also to the large field regime h > µ si because, if µ > Λ P , no mass scale exists below (39); if µ < Λ P , it should be already irrelevant to dynamics in the large field regime h > µ si > µ .
For large values of the non-minimal coupling, in order to take into account the Higgs-graviton mixing in the Jordan frame for h µ km correctly, we repeat the analysis in Section II D but with the three mass scales µ /km/si and the non-canonical factor G h , and then, compare with M P due to the metric fluctuations. Let us identify the lowest energy scale of
for N > 4 where
is a general form of the asymptotically shift symmetric scalar self-interaction term in the four-dimensional spacetime with the three mass scales to be compared with h. The N -th derivative with respect to the canonicallynormalized scalar χ is rewritten as
where G h is interpreted as the four-dimensional limit of (36) and
si + h 2 is nothing but the field-space connection compatible with the metric G h . Note that, acting on W repeatedly, the derivative ∂ h and this connection both give the same structure. Therefore, (40) is bounded below as
14 The self-healing mechanism for the graviton-mediated scattering process was also identified in Ref. [80] .
Tree-unitarity violation scale Also note that W has the same structure as W which gives the violation scale (15) in Section II D but now with the three different mass scales, and then, the lowest scale
replaces µ in (15) . For h M P , we have G h > 1 to find
as a lower bound of (40) which reaches the constant µ 2 si /µ km ∼ M P already at h ∼ µ si . Here,
has been introduced. Note that (43) turns out to be true even for h M P because one can find a lower bound stronger than (41) by following the relationship (31) between h and χ; each χ-derivative gives rise to 1/M P which means Λ N M P and the expression (43) is applicable. This is lower than or the same as M P , and hence, identified as the tree-unitarity violation scale for ξ > 1. In Fig. 2 , the field-dependence of (43) is depicted with the black lines. If µ km < µ , it coincides with the one derived in [31] . The Yukawa interaction does not change the result. Multiplied by Ω, it gives the tree-unitarity violation scale in the Jordan frame.
When we discuss the effective potential, the treeunitarity violation scale is to be compared with masses of particles in the vacuum diagrams. As seen shortly later, the Einstein frame masses are smaller than h/Ω. If ξ > 1, the tree-unitarity violation scale (43) and even (44) turn out to be higher than the masses irrespective of the scalar field value: the perturbative computation of the effective potential is justified even for trans-Planckian field values.
On the other hand, if ξ < 1, the masses ∝ h/Ω eventually exceed Λ P 6 × 10 18 GeV and thus (39) at a certain scalar field value h tuv which can be larger than Λ P when the couplings are small. Then, the naive perturbative computation becomes unreliable for h > h tuv > Λ P .
In Section VI, we identify the scalar field h as the SM Higgs boson which has gauge interactions. As discussed in Ref. [31] , the interaction between the canonicallynormalized Higgs excitation and the gauge boson becomes weaker, and hence, the Higgs mechanism breaks down to violate tree-unitarity around the energy scale h/Ω corresponding to the mass of the gauge boson divided by the gauge coupling. And also, the nonpolynomial interaction with µ leads to this breakdown. Then, we have Λ gauge ∼ Λ − which is lower than (43) for ξ > 1 as seen in Fig. 2 depicted with the gray line. For µ < µ km , we find it proportional to the normalization point (38) . As the expression applicable also to the case with ξ < 1, we regard min{Λ − , Λ P } as the tree-unitarity violation scale.
V. APPLICATION : λ STOPS "RUNNING" BEFORE/AFTER IT JUMPS
Let us compute the effective potential perturbatively in the Einstein frame with the aSI prescription assuming flat spacetime. The one-loop computation is enough to see peculiar behaviors including the threshold correction discussed in Ref. [74, 81] , while we make brief comments on higher-loop corrections. We do not specify the value of the non-minimal coupling here, having in mind that, if ξ < 1, the validity holds only when particles' masses are smaller than Λ P ; more explicitly, only when h < h tuv where h 2 tuv = Λ 2 P /max{y 2 /2, 3λ} in the Higgs-Yukawa model.
The tree-level mass of the canonically-normalized fermion f is simply given as
where m f = yh/ √ 2 is the Jordan frame mass. On the other hand, the tree-level mass squared of the canonically-normalized scalar fluctuation around χ comes with the evanescent contribution as
where m 2 h = 3λh 2 and
with (a, b, c, d) = (1, 1/3, 4/3, 0) comes from the noncanonical factor (36) and the denominator Ω 4 in (37) and suppresses χ's mass squared by a factor ∼ µ 2 km /h 2 for h µ km . The abnormal contribution of O(ε) is divided into two parts: the one with (36) to vanish in the minimally-coupled limit ξ → 0 whereas the other with
is due to the field-dependence of (38) which is absent if one takes prescription I. Both come with suppression factors z ς and z similar to z but with (a, b, c, d) = (−4/9, −2/9, −4/9, 0) and (a, b, c, d) = (3/2, 1/6, 4/3, 1/3), respectively. Besides, they also have the extra suppression factor (1 + µ 2 km/ /h 2 ) −1 for the small field regime h µ km/ .
Unlike the case discussed in Section III, the one-loop vacuum bubble of the scalar field is non-renormalizable already at the one-loop level because of the factor z. Introducing a new operator necessary for eliminating the divergence, we get the Einstein frame effective potential
with B f and B h given in (17) . C in (46) is introduced as a finite part of the operator associated with the divergence of χ's bubble; accordingly, −C in (45) is also introduced for V aSI to have the same expression as V aSI in the small field limit h µ km where z ≈ 1 and Ω ≈ 1: (45)+(46) corresponds to (17) , the abnormal correction u reduces to (18) and u ς disappears. 15 Note also that, for the arguments of the logarithms, one finds ratios of the tree-level squared masses in the Einstein frame to ω 2 = ω 2 /Ω 2 in the first place; then, cancellations of the Ω factors lead to (45) and (46) . Let us define a field-dependent quantity λ ξ aSI by dividing the effective potential by h 4 /4:
First of all, the field-dependence of λ ch disappears for h µ in the same manner as in Section III without the non-minimal coupling. This respects the asymptotic symmetry under the shift (32) in the Einstein frame, and equivalently, asymptotic scale invariance in the Jordan frame. The mass scale µ si from the effective Planck mass (26) is irrelevant here because of the cancelation of the Ω factors mentioned above.
Second, in (46), the extra field-dependence encoded in ln z itself becomes significant for h µ km . However, the prefactor z 2 has a stronger field-dependence ∼ µ 4 km /h 4 to make λ km negligible compared to λ ch and consistent with asymptotic scale invariance. 16 And third, λ ς and λ are also suppressed by µ 4 km /h 4 for h µ km . In addition, each has the suppression factor (1 + µ 2 km/ /h 2 ) −1 for small field values. Thus, if λ ς impacts on the quantity (48), it occurs only at h ∼ µ km . As for λ , it can be significant for µ h µ km only when µ < µ km holds.
Two typical behaviors of λ ξ aSI with C < 0 are depicted in Fig. 3 and 4 . In Fig. 3 , µ µ km is assumed. For h µ km , the model is equivalent to the one without the non-minimal coupling. Hence, λ ξ aSI is approximated by λ aSI obtained in Section III and becomes almost constant (20) . However, for h µ km , only the contribution of λ ch survives. Therefore, we have
with µ µ km . Here,
is positive/negative. Meanwhile, λ ς may contribute there to make a wiggle of the size of δ ≡ |λ ς | h∼µ km . On the other hand, in Fig. 4 , we assume the opposite, µ km µ .
The quantity λ ξ aSI is still "running" at h ∼ µ km , and hence,
The conventional prescriptions in Table I fall within this case and Higgs inflation with vacuum meta-stability was discussed in Ref. [74] with prescription I and the jump with a sufficiently large negative value of (50) assumed. In any case,
gives the asymptotic value of λ ξ aSI (see Footnote 10 on page 5).
Let us comment on higher-loop corrections. In our model, all two-loop vacuum diagrams and higher-loop ones involve the scalar fluctuations to be suppressed for h µ km since each scalar propagator comes with (1 + h 2 /µ 2 km ) −1 originating from (36) . In this sense, all higher-loop contributions are regarded as corrections to λ km , λ ς and λ and consistent with asymptotic scale invariance despite of ln z as mentioned above. When we identify our fermion as the top quark, it interacts with the SM gauge bosons to generate higher-loop vacuum diagrams without the fluctuations of the canonicallynormalized Higgs boson χ. Those survive for h µ km to give corrections to λ ch . The masses of the gauge bosons are simply proportional to h/Ω in the Einstein frame as is the case with fermion's mass, and then, the higher-loop corrections give
h=ω which respects asymptotic scale invariance as (19) does. And the corresponding beta-function is nothing but the one following from the chiral EW Lagrangian, see Ref. [84] for a discussion. Needless to say, λ km , λ ς and λ also acquire corrections from the gauge bosons.
VI. COSMOLOGICAL CONSEQUENCES
In this section, identifying the scalar field h as the SM Higgs field, we discuss possible cosmological scenarios with asymptotic scale invariance with µ as a free parameter. When a large non-minimal coupling is assumed, we find various shapes of the effective potential and related phenomena. For a small non-minimal coupling, µ is the only scale which modifies the effective potential below the Planck scale and an interesting consideration can be made in association with the SM near-criticality.
A. Cosmology with large non-minimal coupling
Here, we focus on the case with a large non-minimal coupling ξ 1 where corrections to the effective potential due to the quantum fluctuation of the Einstein frame metric are suppressed as mentioned at the end of Section IV B. Now we have 53) and the new physics/strong coupling scale (44) is significantly lower than the Planck scale regardless of µ . Let us define field values h and h as
Note that the definition of h here is equivalent to (23) since µ /km/si = ∞ reproduces the standard result without the non-minimal coupling. As a phenomenologically interesting case, we assume h < M P < h (54) which is to say, without both of the non-minimal coupling and asymptotic scale invariance, the Higgs effective potential becomes negative below the Planck scale and the EW vacuum is meta-stable with the true vacuum at a certain trans-Planckian field value. However, as seen in Section V, λ ξ aSI is replaced by λ ch once the field value becomes larger than µ km . So it is convenient to introduce field values h ch and h ch by
Note that these field values depend on the UV completion in the sense that how λ ch behaves depends on the boundary condition specified by C in (46) which cannot be fixed by the low energy EW physics. 17 In the following, we assume h ch < h ch while the relationship with the Planck scale is unrestricted. If λ ch (h; ∞; µ) never crosses zero, these field values are understood to be infinitely large and replaced by a finite field value h ch c where ∂ µ λ ch (h ch c ; ∞; µ) = 0 holds with λ ch (h ch c ; ∞; µ) > 0.
Effective potential with ξ 1
Note that, given (53) and (54) in addition to µ − defined as (42) .
Depending on the magnitude relationship among h , h ch , h ch , µ and µ km , we find various types of the potential shape which can be classified according to the number of zero-crossings of λ ξ aSI = V ξ aSI /(h 4 /4Ω 4 ). It is straightforward to obtain following conditions for each case, based on (49) and (51):
• λ ξ aSI does not cross zero (green lines in Fig. 5 ) and absolute stability is achieved when either
is satisfied. The first possibility is the simplest one where µ km does not play any role. In the second one, µ km < h prevents λ ξ aSI from crossing zero.
• λ ξ aSI crosses zero once (red lines in Fig. 5 ) at
For these two possibilities, µ is necessarily smaller than M P because of our assumptions (53) and (54) .
On the other hand, that is not necessary for
with µ < h ch . The case with h 1 ∼ µ km corresponds to the example shown in Fig. 3 with the black line.
• λ ξ aSI crosses zero twice (orange lines in Fig.5 ) at (58) first and subsequently at h 2 ∼ h ch when µ > h ch . As the other possibility, we have
• λ ξ aSI crosses zero three times (purple line in Fig. 5 ) at
with µ < h ch which is the case shown in Fig. 4 with the black line.
• λ ξ aSI crosses zero four times (gray line in Fig. 5 ) at (60) and subsequently at h 4 ∼ h ch with µ > h ch .
In any case, the asymptotic behavior of the effective potential is understood as follows. For h µ km , it is simply given by 18
where
In the large field regime (34), the effective potential approaches the asymptotic value as
ch,∞ > 0, the Hubble rate of the exponential expansion that occurs on the asymptotic plateau and the combination in the parentheses in (62) needs to be positive for the Higgs field to roll down classically from the plateau. The ellipsis represents terms of higher negative powers of h 2 . As a special case, if B (0) ch,∞ = 0, the effective potential asymptotically vanishes as ∝ exp(− 2/3 χ/M P ). 18 The scalar field value needs to be such large that |λ ξ aSI − λ ch | |λ ch |. With the field-dependence of the z 2 factors in (46) and (47) taken into account, at h ∼ µ si for instance, this inequality is roughly equivalent to |∆| + |δ| |λ ch |ξ 2 . This kind of noninstantaneous threshold correction impacts on the critical Higgs inflation scenario where the non-minimal coupling is relatively small [81] ; otherwise, it does not affect the CMB spectrum [85] .
Implications for cosmology
Phenomenologically, the number of zero-crossings is not of primary interest. Rather, based on the above, the following discussion emerges.
1. The vacuum stability issue : When µ − < M P as assumed here, the effective potential for h µ − can be significantly different from the one that we expect from the low-energy physics. In other words, it depends on the UV completion, and so does the lifetime of our electroweak vacuum. Therefore, the vacuum stability issue needs to be revisited with assumptions about the UV completion, see Refs. [86, 87] for discussions about the impact of the higher dimensional operators such as h 6 /M 2 P and h 8 /M 4 P . It should be noted that, although our effective potential can be expanded as the sum of an infinite series of such higher dimensional operators, the underlying assumption is different.
The simplest scenario to realize the absolute stability with the condition (55) is such that all the nonpolynomial operators are radiatively generated to be loop-suppressed, as implied by the tree-level Lagrangian (35) , and the scale µ is sufficiently small that λ ch stops "running" while being positive and of the order of the tree-level coupling to dominate λ ξ aSI all the time. Then, the effective potential monotonically increases as the green solid line in Fig. 5 . Note that, in this scenario, the "jump" at h ∼ µ km does not play any role. 19 2. Higgs inflation : If the number of zero-crossings is even, the asymptotic value of the effective potential is positive. And if nothing prevents the Higgs field from rolling down towards the EW vacuum from the plateau for h µ si , Higgs inflation is possible. A meta-stable case with µ = µ si is investigated in Ref. [74] and it was shown that, after inflation, the thermal potential can trap Higgs field at the origin to avoid the collapse of the Universe [90] . This possibility corresponds to (59) , depicted with the orange solid line in Fig. 5 .
With our prescription, µ is the new parameter to control the asymptotic value of λ ch in (61) which is given by B (0) ch,∞ . Especially for µ µ si , the field-dependence of λ ch is totally negligible and the inflationary predictions are the same as in the so-called universal/non-critical regime: once the scalar power spectrum amplitude is accounted for by B ch,∞ with the large non-minimal coupling ξ, see e.g. Ref. [91] . Although µ can be tuned to make B (0) ch,∞ such small that a relatively small value of ξ is required, then the non-instantaneous threshold correction (see Footnote 18) cannot be neglected.
Here we note that, with µ < µ km , the tree-unitarity violation scale Λ − given by (44) becomes lower than the one with prescription I for the small field regime h µ km and the reheating temperature after Higgs inflation can be higher than it [78, [93] [94] [95] . However, on the other hand, Λ − during Higgs inflation remains higher than the momentum scale of the quantum fluctuations of the Higgs field induced by the inflationary expansion with the Hubble rate (63) . Therefore, once we assume that, even above Λ − , the classical picture of the Friedmann-Lemaître-Robertson-Walker Universe with the super-horizon scale perturbation still holds, the effects of the unknown high energy phase on the inflationary observables are simply parametrized by the effective equation of state (EoS) during the unknown phase. So let us introduce w as the e-folds-averaged EoS for the period starting at the end of Higgs inflation until the "phase transition" after which our low energy description works well. Identifying µ − = µ as the temperature right after the transition, we can evaluate the spectral tilt n s at the pivot scale in the same manner as in Refs. [41, 78] to find Fig. 6 .
To the contrary, µ > µ si interpolates between prescriptions I and II, each of which is well investigated to be compared against each other [84, [96] [97] [98] in the standard Higgs inflation scenario. 20 Here, let us mention another possibility where the effective potential is negative at h ∼ µ si and crosses zero at h ∼ h ch < µ to become positive thanks to the "running" of λ ch (h; µ ; µ). An inflationary period is realized there while the subsequent evolution needs to be carefully studied to obtain the conditions for the Higgs field to end up oscillating around the origin.
Exotic scenarios with a wiggling effective potential :
If λ ξ aSI becomes almost vanishing without crossing zero, the effective potential wiggles staying positive or negative, as shown in Fig. 5 with the dashed lines. And when it wiggles, the field value at each extremum roughly corresponds to one of h , µ km and h ch / /c . Assume that the Higgs field comes to a wiggle from the inflationary plateau for h µ si . If it almost stops but eventually overcomes the local maximum, a largeamplitude peak of the density fluctuation is generated there to end up in primordial black holes [99, 100] . If the non-minimal coupling is relatively small and the inflection point is around h ch c ∼ M P , the so-called critical Higgs inflation scenario [101, 102] is realized where primordial black holes can be produced with a relatively large tensor-to-scalar ratio [103, 104] (see, however Ref. [81] ). Even if the local maximum is too high to be overcome, the Higgs field can be the inflaton initially placed at the hilltop [105] .
Even separated from the inflationary period, the wiggling Higgs potential can affect the (p)reheating dynamics and the subsequent thermal history with possible impacts of the operators suppressed by the Higgs-dependent scale on baryogenesis and dark matter production [106] .
B. Inflation without non-minimal coupling?
For completeness, here we assume ξ = 0 as the small non-minimal coupling limit for which µ km/si → ∞. However, the scale µ can still be smaller than the Planck scale to affect the Higgs effective potential for h µ . Considering the tree-unitarity violation scale (39) , we restrict ourselves to h < h tuv with h tuv ∼ G −1/2 N being a few times larger than Λ P for the SM couplings near the Plank scale.
Without any new degrees of freedom, the Higgs field needs to play the role of the inflaton. However, at least with the "standard" prescription, it is known that the Higgs field cannot be responsible for the observed CMB fluctuation even when the radiative plateau is realized [107] . In the following, we ask if there could be any possibilities of having Higgs inflation without the large nonminimal coupling, opened up by the aSI prescription with µ as a free parameter.
As seen in Section III, the effective potential behaves as if at the tree-level (21) for h µ and cannot be consistent with the smallness of the tensor-to-scalar ratio if the asymptotic value (20) is finite. In other words, the scale µ needs to be tuned so that the asymptotic value vanishes.
An interesting scenario that can possibly be realized within the SM is such that the Higgs quartic coupling vanishes at the same time as its beta-function does [6] [7] [8] [9] 108] . At the effective potential level computed with the "standard" prescription, this leads to the "Planck vacuum", the local minimum at h c ∼ M P with vanishing potential energy:
From the view point of the low energy physics, this criticality condition is translated into the condition satisfied by the coupling constants, especially, the top Yukawa and the Higgs quartic couplings at the EW scale. Let us remind that the field-dependent quantity λ(h; µ) is related to λ [0] (h; µ ; µ) obtained with the aSI prescription as (22) and, by definition, these are indistinguishable when the field value h is much smaller than µ , say at the EW vacuum. Thus, even if the couplings at the EW scale satisfy the condition corresponding to (64) , the effective potential does not necessarily have the Planck vacuum. If µ is tuned to coincide with h c so that λ [0] vanishes asymptotically, the condition (64) turns out to be equivalent to 
where only the leading order two-loop part has been kept. This asymptotic flatness itself is suitable for inflation. 21 And with the maximum temperature after inflation bounded from above as T max < V 1/4 aSI < µ , no tree-unitarity violation is expected throughout the whole history of the Universe. However, unfortunately the SM prediction B (2) [0],∞ ∼ 1 together with h c ∼ M P ends up in too large an amplitude of the scalar power spectrum, roughly four orders of magnitude larger than the observed value A s 2.1 × 10 −9 .
However, there is a logical possibility that the terms neglected above such as the k = 0 contributions (24) from the non-polynomial terms and the Planck suppressed corrections due to the metric fluctuations mentioned at the end of Section IV B also contribute to flatten the effective potential making the inflationary scale lower. And if the truncation of higher powers of h 2 c /h 2 in the expansion 21 If B
[0],∞ = 0 but with B
[0],∞ = 0 corresponding to the case that the Higgs quartic coupling crosses zero, one obtains an asymptotically quadratic potential. like (65) is justified, the inflationary observables are well approximated by the ones following from the Coulomb type potential discussed in the context of the brane inflationary scenario, see Ref. [109] and references therein. If µ ∼ 10 17 GeV flattens the potential, the Higgs field value at the horizon crossing turns out to be typically one order of magnitude smaller than h tuv so that relying on the perturbative-computed effective potential is justified. 22 
VII. SUMMARY
In this work, we introduced the asymptotically scale invariant (aSI) Standard Model. Quantum scale invariance in the large Higgs field limit is to be understood as a reflection of the hypothetical scale invariant nature of the UV completion.
The aSI model is regarded as a low energy "effective" theory in the sense that tree-unitarity is violated at a certain energy scale Λ above which the perturbative analysis of the scattering amplitudes becomes unreliable and the theory enters into the strong coupling regime. By construction, the scale Λ increases with the Higgs background value h; by virtue of which, the Higgs effective potential can be perturbatively computed even for large Higgs field values. In this large field regime, while the theory still remains in the perturbative regime, the effective potential of the aSI Standard Model can be totally different from that of the canonical SM.
One of the consequences of asymptotic scale invariance is that, even with the current central experimental value of the top quark mass, the EW vacuum can be absolutely stable and successful Higgs inflation may be possible.
As introduced in Section II, the aSI prescription assumes that the normalization point ω depends on the Higgs field as ω 2 ∝ µ 2 + h 2 with a mass parameter µ . In the large field regime h µ , the Higgs field value itself plays the role of the reference scale: the physical significance is given not to the absolute values of various scales but to their ratios to the Higgs field value. This class of theories turns out to be non-renormalizable requiring infinitely many counter terms which are suppressed by negative powers of Λ = µ 2 + h 2 to be consistent with asymptotic scale invariance. And then, the strong coupling scale is identified as the background value of Λ . As explicitly shown in Section III, the effective potential V aSI = λ aSI h 4 /4, safely computed in the perturbative regime, behaves as ∝ h 4 for h µ . In other words, the field-dependent quantity λ aSI stops "running". While the explicit computation was done in the Higgs-Yukawa model, the result can be straightforwardly applied to the SM. Then, sufficiently small µ can render the EW vacuum absolutely stable. We extended the model with the non-minimal coupling to gravity ξ in Section IV. The aSI prescription was introduced in the Jordan frame. We implemented the Weyl transformation of the spacetime metric to find the normalization point in the Einstein frame ω = ω/(1 + h 2 /µ 2 si ) 1/2 where µ 2 si = M 2 P /ξ. The two conventional choices, prescriptions I and II, are µ = µ si and µ = ∞, respectively. The model becomes shift symmetric in the large field regime h max{µ , µ si }, and again, non-renormalizable because of the field-dependence of ω as well as the non-canonical kinetic term with G h which reflects the fact that the Higgs-graviton mixing in the Jordan frame becomes significant when h exceeds the scale µ km = M P /(6ξ 2 + ξ) 1/2 . With the SM gauge interactions, the associated strong coupling scale in the Einstein frame is identified as Λ − = (µ 2 − + h 2 ) 1/2 /(1 + h 2 /µ 2 si ) 1/2 . Nevertheless, the effective potential V aSI = λ ξ aSI h 4 /4(1 + h 2 /µ 2 si ) 2 can be computed perturbatively and we found in Section V that λ ξ aSI loses its field-dependence in the shift symmetric large field regime. If the mass parameter µ is smaller/larger than the scale µ km of the Higgs-graviton mixing, λ ξ aSI stops "running" before/after the "jump" due to the threshold correction.
Depending on the value of µ and ξ, we found various shapes of the Higgs effective potential in Section VI. For ξ 1, there are up to three scales µ , µ km and µ si below the Planck scale in the Einstein frame to make it possible to have Higgs inflation with meta-/absolute stability. One can also discuss some consequences of the possible wiggling behavior of the effective potential, such as primordial black hole production and effects on the (p)reheating dynamics. Motivated by the SM criticality, we also made a speculation that, even without the nonminimal coupling, the Higgs field could play the role of the inflaton with the scale µ tuned so that λ aSI asymptotically vanishes.
Assuming the smallness of the Higgs boson mass, we simply omitted it since we worked mostly in the large field regime. Also, we just assumed vanishing cosmological constant. In order to address the hierarchy problem, the aSI model can be promoted to the exactly SI one [50, 59] with a new scalar field φ as mentioned in Section II B. The discussion in this work is straightforwardly applied to it once the large field limit h µ is identified as h Ξ −1/2 φ, more properly, the large "angle" limit approaching the h-axis in the two-dimensional scalar field space.
Lastly, the most important is to explore the UV completion of the aSI Standard Model. One possible direction is to pursue the asymptotic safety scenario of gravity [33] in which quantum scale invariance is achieved at the nontrivial UV fixed point due to the quantum fluctuation of the metric. Especially, the asymptotically vanishing behavior of λ aSI assumed in Section VI B could be discussed in connection with the maximally symmetric fixed point [111] where Higgs shift symmetry is realized. ε i , and the coefficients C (i≥1) are fixed for canceling the divergences. With the non-polynomial operators introduced, the scalar self-interaction term, for instance, is now written aŝ
whereλ [k] is the field-independent dimensionful quantity defined in (13) . However, one immediately realizes that there is a redundancy and the coefficients C where r j = r(r − 1) · · · (r − j + 1)/j! is the generalized binomial coefficient with r 0 = 1. Having the infinitely many couplingsλ [k≥1] , one can redefine those to absorb the factor Z . In other words, we can choose it at our disposal. A convenient choice we made is Z = Z h so that h/µ = h b /µ b is scale-independent according to which the scale-dependences ofλ [k≥1] are fixed.
Once the redundancy is removed, the effective potential is computed essentially in the same manner as with the "standard" prescription but with the evanescent interactions due to the fluctuations of ω. It can be expanded with respect to δh as
Then, one finds that the coefficients in (16) with n + 1 ≥ m ≥ 0. Other components are all zero.
Two-loop level corrections
The two-loop vacuum diagrams add to (17) the following corrections. As the "normal" part which does not involve the evanescent terms, we have is the Lobachevsky function and 3λ < 2y 2 is assumed. In addition, the evanescent contributions are transmitted to the four-dimensional limit as with a [1] = −4y 6 + 33λy 4 /2 + 45λ 2 y 2 + 270λ 3 , a [2] = 558λ 3 + λy 4 /4 − 3y 6 /2 + 57λ 2 y 2 /2 , a [3] = −8157λ 3 /4 − 6λ 2 y 2 + 3λy 4 , a [4] = 1467λ 3 − λy 4 , a [5] = −474λ 3 , a [6] = 60λ 3 .
Here, the MS-scheme is used to fix the finite parts C λ
[k](0) in (13) . As usual, one can impose dV aSI /dµ = 0 to find the beta-functions β [k] of the couplings λ [k] . It turns out that β [0] remains the same as with the "standard" prescription and that the leading order contributions to β [1≤k≤4] appear at the two-loop level but the scale-dependences for k ≥ 5 are yet to come as higher-loop corrections. This is merely because of our assumption (14) . Note also that, if one chooses Z = Z h , it leads to d µ (h/µ ) = 0 and a different set of β [k≥1] . However, this simply stems from the difference in how µ b andλ [k≥1] are defined in the first place. In other words, the differences in β [k≥1] are to be compensated by the difference in the anomalous dimension of µ .
In terms of the so-called technical naturalness, the appearance of β [1≤k≤4] at the two-loop level tells us that the typical values of λ [1≤k≤4] are, at least, of the two-loop or-der. Those can be consistently taken into account in the finite parts C λ
[1≤k≤4](0) , and then, shift the asymptotic value (20) at the two-loop level. However, this ambiguity does not affect our discussion.
